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The Space Problem of the Calculus of Variations in 

Terms of Angle. 



By Paul R. Rideb. 



Introduction. 

In her Gottingen thesis * Gernet treated the problem of the calculus of 
variations for three dimensions, considering an integral of the form 



I = f f ( X > y > Z > d £> Ta) dx - 



Bliss and Mason f have developed the theory for the integral 

I=ff(%, y, z, ®t,y t , z t )dt, 
where the arguments of / are functions of a parameter t. 

It is the object of this paper to develop the theory for an integral in a 
different form from either of these, and to use the results in considering cer- 
tain generalized definitions of angle and of solid angle. The first six sections 
treat the general theory. In § 1 the Euler equations are derived and the form 
of the equations of the extremals is shown. By means of the family of 
extremals through a given point the Jacobi necessary condition is derived 
in § 2. The Hilbert invariant integral and the Weierstrass ^-function are 
taken up in § 3, and the necessary conditions of Weierstrass and Legendre are 
given in this section and in § 4. As the JFVfunction, which first appears in § 1, 
is a definite expression instead of a factor of proportionality, the Legendre 
condition is more easily developed and is simpler than in the Weierstrass form 
of the problem in three-dimensional space as developed by Bliss and Mason. 
However, sufficient conditions are obtained for a weak extremum only — § 5. 
The so-called transversality condition that must hold when one end-point is 
allowed to vary along a curve is given in § 6. In § 7 a transversal surface is 
studied and two generalized definitions of angle are made. Incidentally the 
differential equations of geodesies on the transversal surface are obtained- 
Finally, § 8 deals with a generalization of the notion of solid angle. 

* " Untersuchungen zur Variationsrechnung," Dissertation, Gottingen (1902) . 

f " The Properties of Curves in Space Which Minimize a Definite Integral," Transactions of the 
American Mathematical Society, Vol. IX (1908), p. 440. 
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§ 1. The Euler Equations. 
Suppose that there is a curve defined by the functions 

*=♦(*)> y="Ht), «=*(*). (C) 

The integral to be studied is 

*=//(*, V, e, t, a) V~x*+y*+z*dt, (1) 

where t and a are defined by the equations 

x. 



y t 

VaiJ + yJ+a* 



= COS<X COST, 



=cos a sinr, 



:smo. 



(2) 



The geometric significance of r and <r is evident from equations (2). If at 
any point on the curve C the positive tangent to the curve is constructed, then 
a is the angle that this tangent makes with its own projection in the #t/-plane, 
and t is the angle that this projection makes with the #-axis.* It is assumed 
that the function /(#, y, z, v, a) is of class C iv t with respect to each of its five 
arguments in a region R(x, y, z,r, a), and throughout the discussion the 
variables will be confined to this region. The curves considered will be repre- 
sented in the parametric form (C), where $, 4>, X are functions of class C iv 
defining values (x, y, s, r, a) interior to the region B for all values of t in the 
interval t < t< t t . Since r and a are to be definitely determinate for every 
value of t in this interval, it is assumed that x t , y t , z % do not all vanish simul- 
taneously, i. e., that the curves under consideration are without singular points. 
If the integral / is taken along a curve of the family 

x=<p(t, a), y=4>(t,a), z= x (t,a), (C a ) 

where q>(t, a), ^(t, a), %(t, a) are of class C iv in the region 

k<t<k, |o|<&>0, 

and for a=0 define the curve C, then the value of I becomes a function 1(a), 
which for a=0 reduces to the value of 7 taken along C. Hence the derivative 
of 1 with respect to a must vanish for a=0. 

♦Bliss has developed the theory for the integral ff(a, y, t) "\/aif-{-y*dt. See "A New Form of the 
Simplest Problem of the Calculus of Variations," Transactions of the American Mathematical Society 
Vol. VIII (1007), p. 405. 

f For definitions of terms and notations used in this paper see Bolza, " Vorlesungen fiber Varia- 
tionsrechnung." 
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This derivative is found to be 
dl c h ( 

— = J \ff>a+ftfi+te*+fr**+fa, 

+' x*+y*+z* )V*< + yt+z t clt. (6) 



'it nt-r»t 

If the values of r a ,o a are obtained from (2) and substituted in (3), after 

some reductions 

d[ 

da 
where 



■ f\fA+f y ya+fA+PXsa+Qy,a+rzJds, (4) 



, , sin r . . 

p —f cos a cos t— f T /, sin cr cos <r, 

coscr 

, , , cos t , . 

#=/ cos <r sin T+/ T - — - — /, sin <r sin t, 
cos a 



(5) 



r=/ sincr+/ ff coscr, 

and where t has been replaced by 5, the Euclidean length of arc. 
The usual integration by parts gives 

|£ = J (Pa a +Qy a +2te a )£fc+ [px a +qy a +rz a y,i, (6) 

in which , , , 

*->■-% «=*•-% »=>■-£ 

It follows at once that the Eider equations are 

P=0, Q=0, R=0. (8) 

These equations are not independent, however, for the relation 

P coso cost+Q coso sm*+Rsmo=0 (9) 

is readily verified. 

When the differentiation indicated in (7) is carried out, equations (8) 
become ., , 

ai Ts + hi Ts +Ci=0 > i=1 > 2 > 3 ' < 10 ) 

where the a's, b's and c's are defined as follows : 

a-i—f cos cr sin r+f. sin a tan a cos r — /, sin a sin r+/ TT \-f„ sin cr cost, 

cos <r 

, , . , » sin a sin t , , sin t , , 

&!=:/ sin a cos t+/ t — — -y- (-/„—_ +/ ff<r sin cr cos r, 

COS O COS (7 

c i=/x(l — cos2 a cos2 T ) — /„ cos 2 o sin r cos t — / 5 sin ct cos a cos r 
4-Zot sin t cos t+fyr sin 2 *-\-f zr tan cr sin r 
+f, ca sin cr cos o-\-f va sin cr cos cr sin t cos t+/*„ sin 2 cr cos t, 
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a 2 =— /cos cr cost+/ t sincr tancr sin T+/ ff sin a cost — /, 



cos T 



coscr 



+ f ta sincr sin r, 



bi=f sin cr sin t — f T 



sin cr cos t 
cos 2 cr 



-A 



COS T 

'coscr 



+/ ff<r sincr sin t, 



c 2 = — / x cos 2 cr sinTcosT+/ y (l— cos 2 a sin 2 <r)— / z sin a cos a sin t 

— f XT cos 2 t—f yT sin T cos *—f zT tan cr cos T 

+/,.,. sin cr cos cr sin t cos t+f y „ sin cr cos cr sin 2 t+f^ sin 2 a sin r, 
a % — —f r sin <r— •/„. cos cr, 
& 3 = — / cos a — f a<r cos cr, 
c 3 = — /, sin cr cos cr cos t — f y sin cr cos cr sin r-\-f t cos 2 cr 

— f M cos 2 cr cos t — /„„ cos 2 a sin r — f za sin cos a. 

The three equations (10) are linear and non-homogeneous in -j- , -j- , and are 

consistent because of the identity (9). If any two-rowed determinant of the 
matrix 



(11) 



a x 


61 


a 2 


h 


«8 


h 



is different from zero, equations (10) can be solved for j-, -p. 
of these determinants are found to be 

a 3 b 8 



The values 



a 2 & 2 

«3 &8 



= ^008 t, 



:/j sin T, 



a x b x 
a 2 b 2 



— f x tancr, 



where 



(12) 
(13) 



A= (/ cos 2 cr— /„ sin cr cos a+f„) (f+f„) — (f r tan cr+/„) 2 . 

If f x ^=0, not all the determinants in (12) can be zero, and (10) can be solved, 
giving 



From (2), 



dr 
ds 

dx 

ds 



7_ 

:A(x,y,s,t,a), -^=B(x, y, z, r, a). 



dy . dz 

^cosctcost, ~- =coscr sinr, -r-= sincr. 
ds ds 



(14) 



(15) 



By reason of known existence theorems for differential equations, it may 
be stated that in the region R, through the point x , y , z , and in the direction 
defined by r , cr , one and only one extremal can be drawn. The equations of 
these extremals are found by integrating (14) and (15). They have the form 

x=$(s, x , y , s , r , cr ), 

y=^(s, x , y , z , T , <T ), 1- (16) 

z=z( s > %o, Po, 2o> *o, <*o)- 
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It may further be stated that the following initial conditions are satisfied 
<?>(0, % ,y , z ,r ,a )=x , &(0, x , y , z , r , a ) =cos <r cos r , ' 
4(0, x , Voi s , t , a )=y , 4,(0, % , Vo, s , r , <t ) =cos(X sin r , 
%(0, %o, Vo, «o» *o,ffo) = £o, ^.(0,ao,y » «o,*b> Co) =sin<r . 



(17) 



§ 2. Tfte Jacobi Necessary Condition. 

If in equations (16) the constants x , y , z are made equal to the coor- 
dinates of the point 0, and the constants r , <r are replaced by functions 
r(u, v), a(u, v), which for u = u , v = v reduce to the angles denning the 
direction of C at the point 0, these equations take the form 

x=$(s, u, v), y=4>(s,u,v), z = %{s, u, v). (18) 

Equations (18) represent the extremal C 01 (i. e., the extremal from the 
point to the point 1) for u—u , v = v and satisfy the identities 

x =$(0, u, v), y =4>(0,u,v), z =x(0,u,v), (19) 

which express the fact that all of the extremals pass through the point 
for s=0. 

The functional determinant of equations (18) is 

& ft ft 

A(s,u,v)== 4 4 4„ 4„ 

X* %u Xv 

and it can be shown in the usual way that if an extremal C 01 makes the integral 
I either a maximum or a minimum, it can not have on it a point 2 at which the 
determinant A vanishes, i. e., a point conjugate to the initial point 0, provided 
that at least one of the three-rowed determinants of the matrix 

AAA 

tm ^S *^U "li 

ft ft. ft 

Ul Ui Uj 
Ts TU TV 

Xs Xu Xv 

is different from zero at the point 2. 

§3. The Hilbert Invariant Integral, the Weierstrass E-f unction, and the 
Necessary Condition of Weierstrass. 

An extremal arc C 01 that does not have on it a point 2 conjugate to the 

initial point 0, can be imbedded in a two-parameter family of extremals through 

a point 0' in the neighborhood of and in the order O'Ol, whose determinant 

A is different from zero at every point of C 01 . The family of extremals thus 

32 
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forms a field about the extremal C, which is given by the parameter values 
u = u , v = v . Through each point of the region 

\u — m |<[8, \v — v \<B, (20) 

provided 8, which is a positive constant, is sufficiently small, there passes one, 
and but one, extremal of the set. Furthermore, 8 can be so restricted that in 
the region (20) A is different from zero, and the equations 

x=$(s, u, v), y=^(s,u,v), e=x(8,u,v) (21) 

have unique solutions 

s=s(x,y,z), u = u{x,y,z), v — v(x,y,s) (22) 

of class C". Consider a curve 

x=x(a), y=y(a), z = z{a) (C) 

that lies entirely within the region (20). Equations (22) and (C) determine 
u and v as functions of a. Substitution of these functions in (21) gives a one- 
parameter family of extremals 

x=q>(s,a), y=4>(s,a), z=%(s,a), (23) 

all of which are of course members of the two-parameter family (21). 

The value of the integral I taken along an extremal of the set (23) from 
the point 0, where s = to the point 4, where the extremal intersects the curve 
G is obviously a function of a. By the method used in deriving the Euler 
equations it is found that 

A '+[^+^+%]^ (24) 



£'< C «>='£ 



p, q, r being defined by (5). The terms in the brackets all vanish at the point 
0', for all of the extremals pass through that point, and consequently q> a , ^ , x a 
are zero there. At the point 4, 

ds , _ , 3s , . _ ds , 

and, furthermore, $, $, %, t, a of (23) are equal, respectively, to $, 4 1 , X> t, g 
of (21) where the arguments s, u, v of the latter are expressed as functions 
of a by means of equations (22) and (C). Since 

P4>,+Q.4>, + rXs=f, 
equation (24) may be written 

faHCvi) = lPx a +qy a +rz a ] |S 

the arguments fy(s, a), 4-(s, a), x( s > a )> *( s > a )> a ( s > a ) °f /> /n fa in (24) 
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having been replaced by tp(s, u, v), ^(s, u, v), x( s , u > v )i T ( s < u i v )> a ( s > u i v ) 
considered as functions of a. 

Let a 4 be the value of a that gives the extremal C , 4 and a s the value of a 
that gives the extremal G vi , where 5 as well as 4 is a point of the curve C. 
Then 

I(C v5 )—I(C Vi )= f \px a +qy a -\-rz a )da 

J^ aB P / sm t \ 

( / cos o- cos t — /. /, sin a cos t ) cos a cos t 
a 4 LA cos a- / 

. / , . , , COS T , . \ _ . _ 

+ ( / cos a- sm t +/. r ff sm a sin t cos a sm t 

V cos a / 

+ (/sina-+/ <r cos(T) sina V^+^+^« 

J-» a s r _ _ _ cos a _ 
^/ [cos a cos a cos (t — t) + sm<7sm<7] +/ T sin(t — t) 
o 4 L COS <7 

— / ff [sin <r cos a cos (t — t ) — cos a sin <r] [ Va^ + ?/„ +z^ a da, 

where t, cr are the angles denning the direction of the curve C. 

Since I(C W5 ) — I(C 0% ) does not depend on the form of the curve C, but 
merely on the points 4 and 5, it is seen that the integral 



i*=S 



, r _ ._ . , . . _ n , , cos a . 

/[cos a cos a cos (t — t) +sm a sin <r] +/ T sm (t — t) 

cos a 

— / ff [ sin a cos a cos (t— t)— cos a sin a] | V#a+2/a+#^a, 



ifaftew along a curve C in the field of extremals does not depend on the path of 
integration, but is a function of the end points only. It is Hilbert's invariant 
integral and along an extremal reduces to the integral I, as is seen at once if 
t, a are set equal to i, a, respectively. 

The Weierstrass 27-function is the function 

e (x, y, z; z, a ; . t, a ) =f (x, y, z, t, a) 

, r _ ,_ . . . . _, , cos a . 

— /[cos <rcos a cos (t — t) + sm a sm a] — /. sm (x — t) 

cos a 

+/<r[sin a cos a cos (t — t) — cos a sin a] 
occurring in the integrand of the difference 



I(C)~I*(C)^SeVxl+yl+^ a da. 

Weierstrass's necessary condition follows at once: // the arc C 01 is a 
solution of the Euler equations that minimizes the integral I with respect to 
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admissible curves G 01 lying entirely within the field of extremals surrounding 

G'oi, then the condition 

e(x, y, z; t, a; t, 5)>0 

must be satisfied at every point of C 01 and for every direction t, cf. // C M 
maximizes Z, e must 6e<0. 

§ 4. T/ie Necessary Condition of Legendre. 

In order to deduce the necessary condition of Legendre, the connection 
between the e-f unction of the last section and the function f x denned in § 1 must 
be established. To do this, expand by Taylor's series with a remainder, each 
term of e considered as a function of t and a. It is found that 

f(x, y, z, t, a) =/+ (f — t)/ t + (a— <j)/„ 

+ H(t-t) 2 / tt +2(t-t) (<?-*)/„+ (5-a) 2 /,,] +*!, 
/[cos a cos a cos(t — t) +sin a sin a] 

=/+H-(^-^) 2 /cos 2 a-(a-a) 2 /]+/ l2 /, 

/ T sin (t—t) = (t— t)/ t — (t— t) (ff— <j)/ T tan a + h 3 f T , 

COS <7 

/„ [sin a cos 5 cos (t — t) — cos a sin a] 

— — (cr— a) f„— i (t— t ) 2 / ff sin a cos a + Kf a . 

The remainder h x is homogeneous of degree 3 in t — t, a — a, and contains 
third partial derivatives of / with mean value arguments t*, a*. Since it has 
been assumed that / is of class C iv with respect to all of its arguments, these 
partial derivatives are finite, and \ vanishes as t — t, a — a both approach zero. 
The expressions h 2 , h s , h t are also homogeneous of degree 3 in t — t, <j — a, and, 
consequently, converge to zero with these two quantities. Thus, 

e(x,y,s; t, er; t, a) = i(*— t) 2 (/cos 2 a— /, sin a cos <r+/ TT ) 

+ (t-t) (a-ff) (/ T tan a+/ Tff ) + J (5_a) 2 (/+/ ffff ) + fc, 

where 7i is a finite expression that is homogeneous of degree 3 in t — t, a — a. 
Consider now the quadratic form 
K—?(f cos 2 c-f. sin a cos a+/ TT ) +2^(/ T tan a+f„) + )7 2 (/+/„) 

in the real variables £, >?. If the arc C 01 furnishes a minimum (either strong 
or weak) for the integral I, then K must be >0 at all points of the arc C 01 and 
for all values of £ and v\. 

For if £, y\ were a pair of values making K negative at some point of C 01 , 
t and 5 could be chosen so that t — T = e£, a— <j = «7, and for sufficiently small 
values of e the e-function would be negative. But it was seen in the preceding 
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section that e must be > for a minimum. Similarly, for a maximum, K must 
be <0. 

A necessary and sufficient condition that K be definite is that 

(f T tan <r+/ T(r ) 2 — (/ cos 2 a—f„ sin a cos cr+/ TT ) (/+/„) <0, 

i. e,, that /i>0. Therefore, for a so-called regular problem (one in which 
/ x ^b0), /j must be positive if the extremal C n furnishes either a minimum or a 
maximum for the integral I. 

The relations 

{f+f„)K=Ue+ [ (f T tan *+/„)£+ (f+U«Y, 

(f cos 2 a— f a sin o- cos <s+f TT )K ■ (25) 

= [ (/ cos 2 <s— f a sin a cos a+/ TT )£ + (f T tan ff+/„)>7] 2 +/i>? 2 _ 

are easily verified. If it is assumed that /i>0, it follows that 

K, f+f„, f cos 1 a—f a sine cos a+f TT 

must all have the same sign. But if / x is positive, neither /+/„ nor / cos 2 cr 
— f Q sin a cos <s+f Tr can be equal to zero. Consequently, they must be greater 
than zero for a minimum and less than zero for a maximum. 

§ 5. Sufficient Conditions for a Weak Extremum. 

The e-f unction can be expressed in forms similar to (25) of the preceding 
section : 

2(/+/ ffff )e =A(t-t) 2 + [(/ T tan a+/ Tff ) (t-t) + (/+/„) (a-<r)] 2 + 2(/+/ <rff )/ 1 
2(/ cos 2 a — f a sin a cos a+/ TT )e 

= [ (/ cos 2 a— f e sin a cos a+f„) (t— t) + (f T tan <r+/ Tff ) (ff— a) J 2 

+/i(^— (7 ) 2 +2(/ cos 2 a— /„ sin a cos a+f TT )h 

where fe, as previously stated, is homogeneous of degree 3 in t — t, a — a. 

For a regular problem, f+f cc and /cos 2 a— / ff sin a cos a-+/ TT are either 
both positive or else both negative. Assume them positive, i. e., assume that 
Legendre's necessary condition for a minimum is fulfilled. Then, at least if 
|x — t | and |ff — <j| are less than some positive constant y, the e-f unction is 
positive except when t=t, a = a, in which case it vanishes. 

It follows that if along the extremal arc C 01 Jacobi's necessary condition 
for an extremum and Legendre's necessary condition for a minimum are satis- 
fied, C 01 will furnish at least a weak minimum for the integral 1. A similar 
theorem of course holds for a weak maximum. 
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§ 6. The Transversality Condition. 

It can easily be proved that if one end point of the extremal C is allowed 
to vary along a curve C, then the condition 

COS (T 

/[cos o-cos a cos (?— T)+sin a sin a] +/. sin (t— t) 

' cos a- 

— / ff [sin a- cos a cos (t — t) — cos a sin a] =0 

must be satisfied at the point of intersection of C and C. 

When / = 1 this condition reduces to the condition for perpendicularity as 
is to be expected. 

When a=o-=0 it reduces to the condition as given by Bliss for the problem 
in two dimensions. 

§ 7. A Generalised Notion of Angle. 

Consider the two-parameter family of extremals (18) that pass through 
the point 0. On each of the extremals take an extremal arc such that the value 
of the integral I taken along the arc from the point to the other end of the 
arc shall be equal to a constant p. The value of s determining the end-point 
of this arc is defined by the equation 



? = tt(*,+>Z,*>a)W. + V+£d8, tf+^+tfE-l. (26) 

The locus of the terminal points of these arcs is a so-called transversal surface. 
Since p may be considered as the generalized distance from the point to this 
surface, the surface itself may be thought of as a generalized sphere whose 
center is the point and whose radius is p. 

Assuming that / is greater than zero, ^~ =f is different from zero at the 

point 0, and (26) can be solved for s in terms of p, t , ct , and the solution 
will have continuous first derivatives with respect to all three arguments in a 

properly chosen region. Since 

ds 1 A 
3p / 

in the vicinity of the point 0, the value of s will increase from zero with p 
The equations of the transversal surface are found by substituting in equations 
(16) the value of s obtained from (26). The parameters of the surface are 
t and cr . It is convenient to introduce here the following functions of the 
theory of surfaces: 

e = < + v\ + 4. i f = Xrfr. + y n y« + z^ , o = < + y\ + 4. • 
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Consider any curve G on the transversal surface, and suppose that t and 
<7 are functions of a single parameter a. Then the value of the integral /, 
taken over this curve from the point A (a = a ) to the point A^a^a^ is 



* = tilf (*, y, e, *, 5) VE^ + 2FTK+Gc'*da, (27) 

where x, y, s, t, <x refer to C, and where accents denote differentiation with 
respect to a. The quantity % may be thought of as the generalized length of 
the curve G from the point A to the point A x . 

Let the angle through which the extremal OA 1 has passed in moving to its 
position from the position OA be defined as the limit, as p approaches zero, of 

the ratio — . 
P 
The process of calculating this limit is somewhat lengthy, but can be 

accomplished in a perfectly straightforward manner. By partial differentia- 
tion with respect to t and <r , from (26) are obtained the two equations: 

0=/(*, *, %, T, (T) Jl +f°~ [/(<?>, *, X, T, (T) Vtf + # + jtf]<fo, 

which reduce, when integrated by parts, to 



Now 



ds 

= f W + p<pT ° + q ^ T ' + r7Cr ° ' 
3s 

c/a 

^r = <?> e g^- +4>r„= COS J COS T -g— + $ To , 



(28) 



and there are similar expressions for y Tss , z n . By using the expression for 

ds 
-x— obtained from (28), and making some reductions, the values of # To , y T<> , e To 

are found to be 

x T = -j- [$ To (/ — / cos 2 a cos 2 t+/ t sin t cos T-f-/ ff sin a cos c cos 2 t) 

+'4 , t ( — / cos 2 <T sin t cos t — f T cos 2 t+/<t sin <r cos a sin t cos t) 
+ ^t (— / sin a cos a cos t — /„ cos 2 a cos t) ] 

= ~r [g($ To cos a- sin t — 4v„ cos <t cos t) — r(% To cos a cos t — <£ T|) sin a) ], 
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y T<> — -j- [$t„( — / cos 2 <r sin 2 t+/ t sin 2 T+/,, sin <r cos <r sin t cos t) 

+4v (/ — / cos 2 <r sin 2 t — f T sin t cos i+f„ sin a cos a sin 2 t) 
+£t ( — / sin a cos <r sinT — f„ cos 2 u sinT)] 

= -j" [ r (^'T s i n a — ^t cos(t sinT) — p(<£> To cos c7 sin t — 4 T „ cos a cost)], 

s T „ = -j- [$> To (— / sin <y cos a cos t+/ t tan a- sin i+f a sin 2 <r cos t) 
+4v o (— / sin <7 cos a sin t— / T tan <r cos T+/ ff sin 2 a sin t) 
+Xro(f—f sin2 <*— f« sin <J cos d) ] 
= y lP(%* cos ff cos T— $*. sin <T ) — 2(^r sin <;—% To cos a sin t) ] . 

The values of x„ n , y„ o , z Sa are obtained by replacing the subscript t by <r in 
the right-hand members of the last three equations. 

Some limits which are needed in finding the value of the limit of — are 

P 
now to be calculated. Since 

ds _ 1 

d?~ f($, 4, £, t, <r) ' 
it follows that .. 

lim — = T . r. (29) 

By the law of the mean 

<M S > T 0, ^o)=4>r (0, T , CT ) + S<?> s t (6s, T , (T ) , O<0<1, 
= S$ STo (0S, T , <T ), 

since from (17) 4> To (0, t , <t ) is identically zero. Thus, 

,. 1 ^ , . ,. 1 ^ , a . cos ct sin t 

lim — $ To (s, t , cr ) =hm — s<p sTii (es, t , <j ) = — 



p=o p p=o p /(»o> «/o> «o, *o> CT o) 

using (29) and (17). Similarly, 

.. 1 . . . COS <T COS T 

lim-i o (s,T ,(r ) = 



0=0 p T ° ' /(«o, 2/o, S , T , <T ) ' 

lim — Xr (S, T , <T )=0, 
„=o p 

..... 1 . /. x sin <r cos t 



lim — $, (s, t , <y )= , , 

P=0 P f(%0,y<>, 2 ,T , (T ) 



sin <j sm t 



lim — ^ ff (s, t , <r ) = — j » 

p=o p f(oo ,y , so,t ,<t ) 

. 1 COS <T 

hm — ^ ffo (5, t , (j ) = 



,=o p * ffoV u ' u/ /(^yo,«o,to,9o) 
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From these limits may be computed 

lim — x T = — -jr (q cos 2 <r + r sin a cos a sin t ) 



1 

f 



-s-cos <T (/sinT +/ T cosT ), 



2 cos <7 (/ cos t — f T sin t ) , 



lim — y T = -72 (p cos 2 a -\-r sin <r cos a cos t ) 

p=o p / 

~ f 

r 1 1 / • • • si 

lim — s To = -Ta" (p sin Tq cos <j sm t — q sm <r cos cr cos t ) = — 75- 

p=o p ° / t 

lim — a?, =— y r cos t = — w cos t (/ sin a +/ ff cos cr ) , 

p=o p / / 



lim — y,=— -=- r sin -r = — -=- sin t (/ sin cr +/ ff cos <x ), 

p=o p / / 

lim — *„, = w (p cos t + q sin t ) = -=- (/ cos cr — /„ sin <j ) , 

P=0 p / / 

from which it follows that 

W 1 PI (t 1 

lim -j- = -H- (f cos 2 <T +f T ), lim t = tt /r/<r, lim -j = -5- (f +/J). 
p=o p /* p=o p / p=o p J 

Going back to (27), it is found that 

lim \ = f f f \?'*'°°'l°'l° \ W™***o+fl)< 2 + 2frfM+(f+fiy o 2 da, (30 ) 

p=0 p ^ao / \X , y , Z , T , (7 ; 

which is the generalized expression for angle. 

In the case of Euclidean geometry, / = 1, the extremals are straight lines, 
and the transversal surface is the sphere 

x=p cos <7 cos t , y=p cos <r sin t , 2 = psin<T , 

for which E = p 2 cos 2 <r , F=0, G = p 2 . Since / T and /„ both vanish, the 
expression (30) reduces to 

r a Vcos 2 <: T; 2 +a 2 «ia, (31) 

which is the ordinary definition of the angle through which the line OA has 
moved in passing from the position OA to the position OA x , the point A 
traversing any curve on the sphere. 

A slightly less general definition of angle in Euclidean geometry is the 
value of (31) when the point A is restricted to move along a great circle of 
33 
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the sphere, i. e., when the line moves from OA to OA x keeping always in the 
same plane. It will be shown that a curve G on the transversal surface (or in 
fact on any surface) that minimizes the integral (27) with respect to neigh- 
boring curves on the surface, must satisfy Euler equations, which for /=1 
reduce to the differential equations of geodesies. Since the geodesies of a 
sphere are great circles, the value of the integral in (30) taken over such a 
curve as G, which may be called a generalized geodesic, obviously reduces for 
Euclidean geometry to the length of the circular arc A Q A X divided by the radius 
of the sphere, which is the definition of the plane angle that OA x makes with 
OA . For simplicity write 

^=SZfTaa, 

where 

?=/(», y,e,T, cJ), r=V£?+2^+^. 

It is readily found that the curve G mentioned above must satisfy the two 
equations 

^[^ r+ | f (^cS + ^ sinSC0S ")] 

+^[^- Ta (^cSH* Sin * Sin *)] 

+** D* r - y- c ° s 5 ]+^- Ta~ fT ^°> (32) 

*«[lJ + Ta (^coirJ +J " Sin * C0S *)] 

+*'- \j^~ Ta (^cS -?' Sin * Sin *)] 

+5 ^ r ~ ^* C ° S "] +7r -- ^ 7r - = °' (33) 

where t and a, the angles determining direction on the curve G, are defined 
analytically by the equations 

¥ x' 



cos a- COS T: 



VF 2 +r+^' 2 " r ' 



cos o- sinT= ^- , sino-=-=-. 
When /=1 equations (32) and (33) reduce to 

These are the differential equations of geodesies on the surface whose 
parameters are t , a . 
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Multiply (32) by i' and (33) by u' and add, remembering that 

The result is the single equation 

+ y'[ f * T - la ( 7 'cSH* Sin * Sin *)] +W [&~ Ta U C0S *] 

+ <r r .+c' r, -<^f^ -< j^Jr* =o. (34) 

Since T satisfies the Weierstrass homogeneity condition, the last four terms of 
(34) may be written 

(i-/)(T;r ro +a;r ffo )-r^/=o. 

Dividing (34) by T, which is assumed to be different from zero, the equation 
becomes 

cos a cos t [7,r+ ^ (/^ +7. sin ff cos *)] 
+cos a sin t [f y T- A (? T ^ -7, sin a sin t)] 

If a is replaced by s, the Euclidean length of arc, T = l, and the last 
equation reduces to 

cosacosf[7,+ ^(7 T ^|+7.sinacosT)] 
+ cos 3 sin t [/ - * (7 T ^ -/„ sin a sin t)] 

§ 8. ^4 Generalisation of the Definition of Solid Angle. 

The definition of the measure of a solid angle is the area cut out on a 
unit sphere by the cone which makes the solid angle (the vertex of the cone of 
course being at the center of the sphere), or what is the same thing, the ratio 
of the area cut out on any sphere to the square of the radius of that sphere. 
In the present section is given a generalized definition of solid angle, which 
for Euclidean geometry reduces to the ordinary definition. 
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If on the transversal surface considered in the preceding section there is 
a closed curve G, the area 8 enclosed by is 



S=SfVEG— F 2 dv dc , 
s 

where 8 is the image, in the t > °o plane of 8. A more general definition of 
of such area is obtained by setting 



S=fSff(^o, ao, <, c' )VEG-F*dt d<s . 

s 

Solid angle may then be defined by 

T S 

lim-5-. 
P =o p 2 



The values of 



y E .. F .. G 
lim-2, hm-Y, lim-^- 



p=o p p=o p p=0 p 

have already been found ; from these values can be obtained 

lim 1 (EG -F>) = -1 (f cos 2 a +f T ) (f+/ 2 ) - ~ f\ft , 
p=o p / 7 

from which it follows that 

lim -| =JjT -f V(/ 2 cos 2 a +/ 2 ) (f+/*) -frfJ^dTo . 

It is obvious that for Euclidean geometry, when f=g = \ and the trans- 
versal surface is a sphere, this last expression reduces to the usual definition 
of solid angle as given above. 

Yale Untvebsity. 



